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Abstract

New approaches and methods for studying non-linear problems are applied to the classical problem of the motion of a heavy
rigid body about a fixed point, i.e., to the system of Euler—Poisson equations. All the asymptotic expansions of the solutions of the
Kowalewski equations, to which the Euler—Poisson equations reduce when certain constraints are imposed on the parameters, are
found using power geometry. They form 24 families. Then all the exact solutions of the Kowalewski equations of a specific class
(which includes almost all the known exact solutions) are found on the basis of these expansions. Five new families of such solutions
are found. Instead of the conventional technique of studying the global integrability of the Euler—Poisson equations, studying their
local integrability near stationary and periodic solutions is proposed. Normal forms are used for this purpose. Sets of real stationary
solutions, in the vicinity of which these equations are locally integrable, are discovered using them. Other real stationary solutions,
in the vicinity of which the Euler—Poisson equations are locally non-integrable, are also found. This is established using the theory
of resonant normal forms developed and computer calculations of the coefficients of a normal form.
© 2007 Elsevier Ltd. All rights reserved.

1. Introduction

The problem of the motion of a heavy rigid body about a fixed point (a spinning top) was first examined by Euler.!
These motions are now described by the autonomous system of six Euler—Poisson differential equations (see Ref. 2,
in which the history of these equations is presented)

Ap'+(C-B)gr = Mg(yoY3—2Y2)
Bq'+(A-C)pr = Mg(z5Y, - XY3)
Cr'+(B-A)pg = Mg(xyY,~ yoY1)
Y= ra=q¥s Y2 = PY3=rV Y3 = 4V -PYa

(1.1)

where the prime denotes differentiation with respect to the time #; A, B and C are the principal moments of inertia of
the rigid body, which satisfy the triangle inequalities i.e.,

A>0, B>0, C>0, A+B=>2C, A+C=2B, B+C=A (1.2)
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Mg is the weight of the body; xo, yo and zp are the coordinates of the centre of gravity of the rigid body in a coordinate
system associated with the body; p, g and r are the projections of the angular velocity vector onto the coordinate axes
associated with the body, and 1, y2 and y3 are the direction cosines of a vertical in the coordinate system associated
with the body. The system of Eq. (1.1) has three general first integrals (energy, momentum and geometric)

I, € Ap” + Bq” + Cr" —2Mg(xgY, + oY, + 2¥;) = h = const
I, def ApY, +Bqy,+ Cry; = 1 = const (1.3)

def 2 2 2
LEyi+y,+y; =1

System (1.1) can be integrated in quadratures if it has an additional (fourth) first integral.> An additional first integral
I4 has been found only in the following four cases:>

in the Euler—Poisson case

Xg =Y =2 =0 and I, « A2p2+qu2+C2r2 = const (1.4)
in the Lagrange—Poisson case

B=C, y,=2y=0and I,¥ p = const (1.5)
in the case of kinetic symmetry

A=B=Cand I, o XoP + Yoq + Zor = const (1.6)

(this case is usually treated as a sub-case of the preceding one)
in the Kovalevskaya case

~ def 2 2 2 2
A=B=2C, yp=2zp=0and I4 = (p -¢ —cy,) +(2pg—cy,)” = const (1.7)

where ¢ =Mgx(/C.
In Sections 2 and 3, system (1.1) is considered in the case when

B¢C, Mg= 1, x0¢0, y0=20=0 (18)

In this case, Kowalewski? reduced the system (1.1) to the non-autonomous system of two equations with the independent
variable p. In Section 2, all 24 families of asymptotic expansions of the solutions of the Kowalewski system as p — 0 and
p — oo are obtained for all values of the parameters using power geometry. Several families of asymptotic expansions
of the solutions of system (1.1) are obtained from them. In Section 3, all the non-empty intersections of the families
of expansions as p — 0 with the families as p — o0, i.e., all the solutions in the form of finite sums of powers of the
independent variable p, are found for the Kowalewski equations. They correspond to exact solutions of the system of
Eq. (1.1). Seven of them were previously found by Steklov, Goryachev, Chaplygin, Kowalewski, Appelratt and Gorr.
All five families of new exact solutions are complex.
In Sections 4 and 5, we examine the case when

A=B=1, Mgxy=1, y,=2,=0 (1.9)

in which system (1.1) contains only one parameter: C € (0, 2]. It has four families of stationary solutions (points).
In Section 4, 44 sets of complex stationary solutions, in the vicinity of which system (1.1) is locally integrable, are
isolated from these families using a normal form; 10 of these sets are real. Such non-empty real sets exist for all C € (0,
2]. In addition, the stationary points at infinity (power-law asymptotic forms of the solutions), in the vicinity of which
system (1.1) is locally integrable, are indicated. The existence of periodic solutions, in the vicinity of which system
(1.1) is locally integrable, is discussed.

In Section 5, one-parameter families of stationary solutions, in the vicinity of which there is no additional (formal)
first integral, i.e., system (1.1) is locally non-integrable, are indicated using a resonant normal form. Such stationary
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solutions exist for all C € (0, 2] except for two classical cases of global integrability. Lagrange—Poisson (C=1) and
Kovalevskaya (C = 1/2), which occur only in the case (1.9).

2. Asymptotic expansions of solutions of the Kowalewski equations

2.1. Power geometry?

Let xodéft be independent, and let xj, ..., x, be dependent variables, where x;€C. We set X =
(x0, X1, ...,Xp) € C"*1. The differential monomial a(X) is the product of the ordinary monomial
exgtxy L £ e xM 2.1)
where ¢ = conste C and M = (xg, my, ..., my) € R"t! and a finite number of derivatives of the form
d'xjdxy ' d'xsdi’, 1eN, i>0 2.2)

The sum of the differential monomials
F(X) = Y a(X) 2.3)

is called a differential sum.
Let the system of ordinary differential equations

FAX) =0, i=1,..n 2.4)

where the f;(X) are differential sums, be assigned. Let r — 0 or t — oo, and let the solution of system (2.4) have the
form

X =10+ Ybyt'), seK, b#0, i=1,.,n 2.5)
where the coefficients b; = const € C and the exponents r;, s € C. Then the expression
x;=bt', b0, i=1..n (2.6)

is a power-law asymptotic form of solution (2.5).

All the power-law asymptotic forms (2.6) of the solutions (2.5) of system (2.4) can be found in the following way.*~’
Each differential monomial a(X) is mapped to its (vector) exponent Q(a) = (40, g1, - --,qn) € RrH according to the
following rules. For a monomial of the form (2.1) we take Q(cXM)=M, i.e., O(ct™ox™ .. xpm) = (mo, my, ..., my);
for a derivative of the form (2.2) we take Q(d'xi/di')=—IEo +E;, where E; is the i-th unit vector in R"t!; when
differential monomials are multiplied, their power exponents are summed as vectors: Q(ajaz)=Q(ar)+ Q(az). The
set S(f) of the power exponents Q(a;) of all the differential monomials a;(X) included in the differential sum (2.3) is
called the support of the sum f(X). Obviously, S(f) € R"*!. The closure of the convex hull I'(f) of the support S(f) is
called the polyhedron of the sum f{(X). The boundary 9I'(f) of the polyhedron I'(f) consists of the generalized faces I‘(l-d),
where the superscript indicates the dimension of the face and the subscript indicates its number. Each face F5~d) has a

corresponds to a truncated sum
~(d) d
777X = Ya(X) for Q(a)eT|”
Let us now consider system (2.4). Each equation has its own support Si(]éfS( fi), its own polyhedron rifléfr( D
with the faces FE;?) and the truncated equations fl(fl” )(X) = 0. The asymptotic forms (2.6) are found as solutions of the
corresponding truncated systems of equations

~(d) _
fil, X)=0, i=1,..,n
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Power geometry enables us to find not only the asymptotic forms (2.6) of the solutions (2.5), but also expansions
(2.5) themselves.5%? The coefficients b;, can be functions of Inz, Inln 1, etc.

These asymptotic forms and expansions were calculated for the Kowalewski system (2.4). The results are presented
below.

2.2. The Kowalewski equations

For the case (1.8), Kowalewski> proposed treating p as the independent variable, introduced the new dependent
variables

6 = (B-C)¢’/A, T = (B-O)r’iA 2.7)
and obtained the system of equations in the new variables

def .. 5t/2 . 2 _ o
f1 =061+61/2+a,+a,6+a3tp+a,T+asp” =

def , 2 2.8)
f,=0T+61/2+b,+b,6p+b3;6+b,T+bsp” =0
where the dot denotes differentiation with respect to p. Here
q" = Ac/(B-C), r’ = AT/(B-C)
Y, = [h—A(BG + CT)/(B~C) - Ap’1/(2x,)
Y, = —Clt-2(A - B)p/Clq/(2x,) 09
Y3 = B[6-2(C—-A)p/Blr/(2x,)
dp
t= | =2
I%

This change of coordinates uses the first of the integrals (1.3) and transforms the other two integrals to the respective
forms

def . . 3
f3 S 6T—0t+c +c,p+c;0p+cytp+csp” =0

def

fa =

+d;61p +dgoT + dgrz + dmp2 + d“cp2 + dlz‘sz + d13p4 =0

d,(6)° 1+ 0(t) +dy+d;0 +d,T+ds0” +dSTp+ (2.10)

We introduce the new parameters
x=A/C, y=BIC, z=hC, A=IC, &=xyC (2.11)
Then, for a;, b; in (2.8) and ¢;, d; in (2.10), we obtain

a, =-zly, a, =x/(y-1), a3 = (x-2)y

a, = 2xy-x-2y+2)/(y(y-1)), as = (3x-2y)ly
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Fig. 1.

by = -z, by=—x+2y, by=(2y —xy+2x-2y)/(y-1)
by = xl(y—1), bsg=3x-2

cp = =2(y—-DAE/(xy), c; = 2(y-1)ly, ¢35 =x-2y
¢y = (x=2)y, ¢c5=-x(y-1Dly

dy =y, dy= (P-4Ey-1)/x, dy=-2yz, dy=-22 @12
ds = xy'l(y~1), dg=4(x-1)y, dy =-4(x-y)
dg = 2xy/(y—-1), dy = x/(y-1), dyy = -2(y~-1)z
dyy = 22x° +2y"=3xy), dpp = 2(2x*=3x+2), d;3 = x(y—1)
where x and y satisfy the inequalities
x+yz21, x-y2-1, y-x2-1, y#0, y=1 (2.13)

Let D denote the corresponding set of points (x, ¥). In the x, y plane the set D is the half-strip bounded by the straight
lines y=x =+ 1 and the segment x + y =1 with excluded segment y=1. The set D is located entirely in the first quadrant.
System (2.8) and integrals (2.10) possess the symmetry

(0,%, p, %, ¥, 2, M &) = (%, =G, p, ¥y, /3, /5, M3, E/5) (2.14)

In the generic case for system (2.8), the polyhedrons I'(f;) and I'(f>) are identical and are represented in Fig. 1,
which shows the notation of the vertices Q1, ..., Os, the edges 1"(11), e, Fél) and the faces 1"(12), e, F(Sz) of this
polyhedron. The polyhedron I'(f) is a tetragonal pyramid with vertices Q1 =(1, 1, —2), 0> =(0, 0, 0), O3 =(1, 0,
0), 04=(0, 1, 0) and Q5=(0, 0, 2). The base ng) of this pyramid is spanned onto the vertices Q1, O3, Q4 and
Qs and is on top in Fig. 1. The edges Fgl), Fgl) and Fg) are located on the g1, g and g3 axes, respectively, and
connect the vertices O3, Q4 and Qs of the base I‘gz) to the vertex Q> of the pyramid. The edge F(ll) connects the
vertices Q1 and Q5. The lateral faces ng) and Ff‘z) of the pyramid lie in the (g1, g3) and (g2, ¢3) coordinate planes,
respectively.



A.D. Bruno / Journal of Applied Mathematics and Mechanics 71 (2007) 168—199 173

The following have been found for the solutions o(p) and T(p) of the Kowalewski system (2.8) as p — 0 and p — oo

a) all the power-law asymptotic forms'%-1?

o =0oyp°%, 1= Topﬂ; Oy Tp 0 PBeC, 04T, = const#0 (2.15)
b) all the power expansions!®~1? of the form
G =0cop"+ Y 0p", = 0P + ZTSpB+s (2.16)

5 5

0,B,s5,0,1,€ C, Gy 7,0, T, = const, Gy Tp#0

Res>0and w=—1ifp— 0,and Re s<0and w=1if p — o0;

c) all the power logarithmic expansions of the form (2.16), where o, To = const # 0, and o and 74 are polynomials in
Inp;&1418

d) the exponentially small additions to the power and power logarithmic expansions;’

e) all the non-power-law asymptotic forms>!#18 of the form (2.15), where og and 7¢ are functions of In p and InIn p;

f) complicated expansions of the form (2.16), where ¢, T, 0 and T, are series in decreasing powers of In p.?
These results are systematically presented below in Subsections 2.3-2.7.
2.3. Power-law asymptotic forms

All 24 families F| — Fa4 of the power-law asymptotic forms (2.15) were found in Refs. 10-19. It was shown in
Ref. 19 that they exhaust all the power-law asymptotic forms for all values of the parameters. The data for them are
presented in Table 1. The first column contains the index k of the family F%, the second column contains the index k of

the symmetric family Fj obtained according to (2.14) (F; ,;déffk), the third column contains the values of «, B and w for
the family Fy, the fourth, fifth and sixth columns contain the values of o and 7y if they are defined and the principal
constraints in the domain of definition of the family Fj, and the last column indicates the vertex Q;, the edge F&l) or
the face F;z) of the polyhedron I'(f]) that corresponds to the family Fy. Here ¢y = \/ 16xy? — 8x2y + 9x% — 16xy.
Fig. 2 shows the regions Fy, F}, Fo and F and their boundary curves a=—1 and a=4 in the set D, and Fig. 3 shows

/

o

L

F,
F;
¥
.

F, | ro=2

Fig. 2.
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Table 1
k k o, B, o o0 To Constraints Face
1 2 0,1, -1 A#£0 0
3 3 0,1, -1 01
4 4 22 1 A=0 0]
373s = 1
5 6 —1,2,—1 d r
y—1
- -2
7 8 "% o =2 (x.y)eF; UF, rd
20— 200 - 1) 2—«
- 2
9 10 % __ = (x,y)eF2UFy ry
20— 200 - 1) 2—«
2
11 12 2,2,1 A x=y o
3 y—1
13 14 2,2 1 R Xx=y>2, A £0 ¥
y—1 y—1
y y W
15 16 2,21 =y>2 r
y,I y—l x=y 6
17 18 2, 2 2 x=y>2,\=0 rd
y—1 y—1
1 _
19 19 2,2, 1 o L x#£1,2,y,2 r®
x =2y x—=2
1 @
20 21 2,2,1 -3 x=y=2 re
1_
2 2 2,2,1 yx x—y x#ly r®
4 —2)?
23 24 ae(0,1),2—a, —1 7§2 y= 2) > 1 r
oo(a —2) a
N=0, 22 =48

the portions of the straight lines x=1, x=2, x=y and x=2y, on which some of the families F are defined or are not
defined, and the two points x=y=2 and x=1, y=1/2, at which the families F>¢ and F, are defined. In the set D, the
domains of definition of the families F; — F)g, F9 and F»; — F4 are two-dimensional, the domains of definition of
the families F|; — F)g are one-dimensional, and the domains of definition of the families F»¢ and F>; consist of one
point. It can be seen from Table 1 that the exponents o and (3 are complex numbers with non-zero real parts (Fig. 2)
only for F9 when (x, y) € Fy and for Fjy when (x, y) € Fy. In all other cases, they are real.

/

y

2 —(

1

0 1 2 X

Fig. 3.
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2.4. Power expansions

Each power-law asymptotic form

o = opp%, T = Top°, ©p T, = const#0 2.17)
of the solutions of system (2.8) has four eigenvalues s, . . ., s4. When the corresponding power expansions
o =0 +y 00", T= ’L'Opﬁ+21xpﬂ+s, o, T, = const (2.18)

of the solutions of system (2.8) are constructed, the coefficients o and 7, are successively determined for increasing
or decreasing values of |[Re s| from a system of linear equations. If the number s is not an eigenvalue, the matrix of
the system is non-degenerate, and the coefficients oy and 74 are uniquely defined. If s is an eigenvalue, the matrix of
the system is degenerate, and it has a solution only when the compatibility condition holds. If this condition holds, a
one-parameter family of the coefficients o and T, exists. An eigenvalue s is called critical if w Re s <0. We recall that
ow=—11if p — 0 (in this case, Re s> 0 in expansions (2.18)) and w =1 if p — oo (in this case, Re s <0). The critical
eigenvalue s; is called dangerous if there is a non-trivial compatibility condition for s =s;. The two eigenvalues s3 and
s4 correspond to the integrals f3 and f4 from relations (2.10) in the sense that substitution of expansions (2.18) into the
integral f; gives an expansion in powers of p in which oy, and 7y, are first encountered with the zero power of p, as is
the constant of the integral f; (i =3, 4). Therefore, the eigenvalues s3 and s4 are always non-dangerous. We order the
remaining eigenvalues s and sy as follows: Re s1 <Re s;. It turned out that only one of them can be dangerous, and
this occurs in comparatively rare cases.

The eigenvalues sy, . . ., s4 were calculated for the 24 families Fy of the power-law asymptotic forms (2.17), and the
dangerous eigenvalues were identified. The family of the power expansions (2.18) that corresponds to the family Fj of
the power-law asymptotes (2.17) is denoted by Hj. The results of these calculations are presented in Table 2. The first
column contains the index k of the family, which is followed by the eigenvalues s1, .. ., s4, the dangerous eigenvalues
and the number of arbitrary coefficients in expansions (2.18). This table was compiled as a continuation of Table 1.

Table 2
k S1 52 53 S4 Dangerous eigenvalues Number of arbitrary constants
1
1 -1 0 0 = 3
2
3 0 0 1 1 4
4 1 0 ! 0 2
3

5 -5

5 k. hdl 0 2 s1—n 2,3
4 4
o
7 -2+ 5 0 —a—1 —2a 3
9 72+% 0 —a—1 —2a s1=nQ - ) 3.4
1 -1 1 2

1 + 3 ¢3 1 0 S1=—n+ 23

6 6 3 3

3
13 0 EB -1 0 1-B 3
3 5
15 0 0 1-= 2—- - 4
2 B 2 B
5
17 0 5B—2 B—1 0 2
L+ ¢s es — 1 1 1

19 — -3 —4 — - 2,3,4

2 2 NE TN TR,
20 -1 0 -3 —4 4
22 -2 -1 -3 -3 s1=2s50=—2 4
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Here

¢, = J(16y*—8xy+9x— 16y)/x

@3 = J(13y+23)/(y-1)

05 = (4x*=8xy—8x+17y)ly

and n is any natural number. It can be seen from Table 2 that the dangerous eigenvalues for the families Hs, Hg, Hy, H1g
and Hjg are encountered on curves in the set D. The dangerous curves with n=1, 2, 3, 4, 5 for the families Hs, Ho
and Hjg are shown in Fig. 4. The critical eigenvalues s; and s, for the family Hj9 are complex in the regions Hy and
Hy, which lie below the lowermost curve and above the uppermost curve corresponding to s = —1/2. The dangerous
eigenvalues for the family H; form a denumerable set of points on the straight line x =y. In particular, this set includes
the point x=y=2, at which the additional Kovalevskaya first integral (1.7) exists. At this point, s; =—4/3 and n=2.
However, at this point, the compatibility condition for Hj; holds. In addition, for y<1, the expansions (2.18) of
the family Hj; have complex exponents because s1 and s, are complex and Re s1 <0. Finally, for F>, there are no
corresponding power expansions because the compatibility condition does not hold in its domain of definition (i.e.,
when x # y and x # 1). Therefore, the family H», is absent. According to the theory in Ref. 8, expansions (2.18) can
diverge only for Hy; — Hig, and they converge for the remaining families.

Fig. 4.
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2.5. Power logarithmic expansions

All the power logarithmic expansions

o+s B+s

o = cop“+205(lnp)p , T = TopB+21:s(lnp)p (2.19)

of the solutions of system of Eq. (2.8), where o and 7 are polynomials in Inp, were also found for the power-
law asymptotic forms (2.15) (Ref. 6, Section 3.3). Such expansions appear only in cases in which the compatibility
condition does not hold. According to Table 2, they exist for the seven families Fs, Fg, Fy, Fig, F11, F12 and Fjg on
the dangerous curves and points in the set D. According to the results previously obtained (Ref. 6, Lemma 2.2 and
Example 2.2), one-parameter logarithms are obtained, i.e., the coefficients of In p in expansions (2.19) depend on one
arbitrary constant, in all these cases. In addition, three cases of resonant critical eigenvalues s; exist.

Case 1. For the families Fs and Fg when s, =54 =2.

Case 2. For the families Fi9 when s; =50 = —1/2.

Case 3. For the families F»y over the entire domain of definition, i.e., in the region where x #y and x # 1, when
S1= 282 =2.

In these cases, two-parameter logarithms are obtained (Ref. 6, Lemma 2.2 and Example 2.3), i.e., the coefficients
of In p in expansions (2.19) depend on two arbitrary constants. In Cases 1 and 2, the compatibility condition holds, and
the logarithms first appear in the first power. In Case 3, the compatibility condition does not hold, and the logarithms
first appear in the second power. We will consider these cases separately.

Case 1. This case was described for the family F5 (Ref. 11, Section 6.2) as Case 6 and was also discussed further
(Ref. 13, Section 16.1). In the set D, it is realized on the curve

x = 2y(y-1)/(y +20) (2.20)
(Fig. 4, the family Hs, n=2). The expansions of the solutions have the form

—~1 s—-1 2 s+2
C=0p +36p , T=Tp + 3 Tp

s=1 s=1

where o is an arbitrary constant and 7o =x/(1 — y). The equality (Ref. 6, Section 3.4)

o1ty = ~2'(y=9)(y - 20)(y + 20)/(11%Goy")
holds on curve (2.20), and the compatibility condition holds for s =2. We seek o and 7 in the form

O, = byg+bylnp, 1T, = byy+bylnp 22D
For the four coefficients b;; we obtain the system of two equations

2yb,; + 100y, = 0

222
2\|Ib10 + 100’0b20 + Wb“ + (1300/2)b21 + 60111 =0 ( )

Here ¢ =20y/(y + 20). We take bjo and b1 as the arbitrary parameters, and then by and b»; are uniquely determined
from the system of linear Eq. (2.22). If 11 =0, then b, = 0 according to the first equation in (2.22), and the coefficients
o7 and 3 do not contain logarithms and depend on the single parameter o = b1¢. Then the power expansion previously
written down (Ref. 11, expansions (6.2.10) and (6.2.11)) is obtained.

The family Fg is symmetric to the family Fs according to (2.14). Therefore, the structure of the presence of Inp in
expansions (2.19) for it is similar to the case in question.

Case 2 (Ref. 12, Sections 8.3 and 8.7). In the set D, this case is realized on the curve
y = 4x(x-2}/(8x-17) (2.23)
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(Fig. 4, the family Hy9, s=—1/2) for x # 1, x # y. The expansions of the solutions have the form

2-n/2 2-n/2

2 o 2 -
C=0p '+ Y 0,p ", T=Tp + Y T,p (2.24)

n=1 n=1

For simplicity, we will consider only the single point x=15/2, y=5/3 on curve (2.23). For s =59 = —1/2, we seek o and
71 in the expansion (2.24) in the form (Ref. 6, Lemma 2.2 and Example 2.3)

(0, T1) = Bo+ByInp; By = (by), b)), By = (byy, byy)

Here the constants bg; and by are arbitrary, bpr = —(25/9)b11, and b1> =0 (Ref. 6, Section 3.5). On curve (2.23),
away from the point considered the constants bg; and b1 remain arbitrary, and bo and b1, are expressed in terms of
these constants and x. Thus, here, too, there is a two-parameter logarithm.

Case 3 (Ref. 12, Section 8.2). Here x# 1, x#y, and the expansion of the solutions has the form (2.24), where
Gy = (1-x)/y, 1y, = x—y, ©,isan arbitary Constant T, = —y?'crl (2.25)

For n=2, we seek (02, T2) = By + Bi Inp + B>(In p)?, where B; = (b1, bip), i=0, 1, 2. We have (Ref. 6, Section 3.6)

b = xych _ xy30% b = — b — (y- 1)y30"f
AT Aa-px-1) 2T TAGop-1y T TN T oy G-
0-1), =Dz _0-D o} 220
- _ Y y y-Dz U—-1)y G

Here b1 and b1 are arbitrary constants. When s = —3, i.e., n =3, the compatibility condition holds (because the critical
eigenvalue s3 =—3 is not dangerous). Therefore, the coefficients o3 and T3 are second-degree polynomials in Inp
and have one arbitrary parameter. According to Theorem 2.3 in Ref. 6, in the expansions (2.24) the degree of the
polynomials o, and 7, in In p does not exceed n.

The presence of a two-parameter logarithm prevents the existence of an additional analytic first integral in system
(2.8). In Case 3, it is absent in the domain of definition of the family F»;, i.e., when x#y and x# 1. In Case 1, it
is absent on curve (2.20). This curve intersects the straight line x=y at the point x=y=22. Therefore, the additional
analytic first integral is also absent at this point.

2.6. Non-power-law asymptotic forms

The six families G| — G¢ of non-power-law asymptotic forms were found.>!#!8 The family G| was determined
on the curve x=2y(y — 1)/(y +2) (Fig. 2, a = —1). For this family,

o = l—cj[lnp—(ﬁn +g(1 + Inlnp))+ O(Tﬁl—ﬁ)]

2yp’ 2 1
1= ——[1+ 1 (3+2[3 lnlnp)+0( )]
y+2L g (inpy? ’ (Inp)’

where ¢ and 31 are arbitrary constants.
The family G3 was determined on the curve x=16y(y — 1)/(8y — 9) (Figs. 2 and 4, the family Hy, o =4) and has
the form

@ = 1o (b B g o L]

2
T=_1L{L_£+_i7@_& 911)+o(13H
8y-9 Inp (Inp) 2 10 (Inp)

where ¢ and [3; are arbitrary constants.

(2.27)

(2.28)




A.D. Bruno / Journal of Applied Mathematics and Mechanics 71 (2007) 168-199 179
The family G5 was determined for x=2, y # 2 (see Fig. 3, x=2) and has the form

G = 2[_i+ ;c, +K2—y1<(;[32+1c231nlnp+0( 1 3):|
Kolnp Ko(Inp) (Inp)

(2.29)
T = pz[nolnp +B,+n;Inlnp+ 0(@)]

where

Ko = 2y-2, K = (y-2)(3y-2), K = (y-2)(3y-2)(6y"—10y+5)

—(y-2)By-2)’By-4), Mo = 2(y-1)(y-2)/y

(y-2)By-2)(By-4)/(2y-2)

K3

Ny

and [3; is an arbitrary constant.
The families Go, G4 and G¢ are symmetric to the families G, G3 and G35, respectively, according to (2.14). They
were determined on the lines x=2(1 — y)/(2y + 1), x=16(y — 1)/(9y — 8) and x =2y, x # 1, respectively.

2.7. Compound expansions

The non-power-law asymptotic form (2.27) corresponds to the two-parameter family (in ¢ and 31) of the compound
expansions®’

_ oo ) oo
c=p '[Go+ Y Gsp’} T=p (‘Co+ ZT:PS) (2.30)

s=1 s=1

where o5 and T, are uniquely defined series in decreasing integer degrees of In p, whose coefficients are polynomials
in the double logarithm In In p, and p~ ' and p?7 have the form indicated in (2.27) for o and .

Similarly, the non-power-law asymptotic form (2.28) corresponds to the two-parameter family (in ¢ and 1) of
compound expansions

- -2 2 - -2
G = p4(60+ S o.p ’j, T=p ("0"’ Y. T ) 2.31)
s=1 s=1

where o and 7, are the same as in the preceding case, and p*og and p>t are indicated in (2.28) as o and .

For the non-power-law asymptotic form (2.29), the existence of a compound expansion like (2.30) and (2.31)
cannot yet be claimed.?® Here the expansion has a more complicated structure than expansions (2.30) and
(2.31).

2.8. Back to the system (1.1)131418

According to formulae (2.9), solutions of system (1.1) can be obtained from the solutions of system (2.8). The
expansions (2.18) and (2.19) of the solutions of system (2.8) correspond to the expansions of the solutions of system

(1.1)
p=1Ypl, q= ‘nzth"s' r=1"Yrf, podore#0
V=1 2gl, 8o%0, i=123

where Re s >0 if r— 0, and Re s <0 if 1 — oo. If o+ 3 # 2, the form of the expansion is maintained, i.e., a power
expansion remains a power expansion, a power logarithmic expansion remains a power logarithmic expansion, and
a compound expansion remains a compound expansion. We will use Hj to denote the family of expansions of the

(2.32)
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Table 3
k N M A
1 2,0,1 0,0,1 -2,0,0,1,2
3 1,0,0 0,0,0 1,0,0,0,2
4 3, 1,1 0,0,0 -3,0,—-1,0,2
5 -5
5 2,-1,2 21,2 2EO 170 40
2 2
2 2 2 4 2
7 -, -1, —— -2, ———1,-2 - —-10,2+—-.,4,2
o o 63 a 63
2 2 2 4 2
9 ——, -1, —= -2, ———1,-2 ——10,2+—,4,2
o o o a o
l+¢; 1—¢3
11 —-3,-3,—1 —2,-2,0 _—, —,1,0,2
2 2
s 2 2 | 2, -2,1 0 2 3,0,2 2 2
BB , —2, B , 0, B’
15 22 1 2, -2 2 2 0,0,3 2 5 4 2
BB T8 , 0, B’ B’
2 2 2 4 2
17 ,=,—1 -2,-2,3—— 0,-—5,--2,0,2
BB B 1 B 1B
19 —1,-1,-1 —2,-2,-2 18 1795 34,
2 2
20 -1, -1, -1 -2,-2,—1 1,0,3,4,2

solutions of system (1.1) obtained from the family Hj of solutions of system (2.8). Each of the families H ,2 has the six
eigenvalues A1, ... \s, and Ag =—1. They are also called the Kovalevskaya exponents. Table 3 presents the values of
N=(ny, na, n3), M=(my, my, mz) and A =(\1, A2, A3, A4, \5) for the families H,i. The points x=y=2and x=1, y=2
are the only points where all the expansions (2.32) do not contain logarithms and have integer exponents, and there is
an additional Kovalevskaya first integral (1.7).

The families H»>3 and H»4 have the sum « + 3 =2 and the product o1 = (r()’rop2 +.... Therefore, according to the last
formula (2.9), they have t=const-Inp +.. ., i.e., t is not a power of p, and the corresponding expansions of solutions of
system (1.1) will not be power expansions.

The family H|, was calculated by Appelrott.”! The families H{, and Hj, were calculated by Kovalevskaya,??
who incorrectly indicated the eigenvalue A3 =0 for the family Hj,. The exponents N, M and the eigenvalues A were
calculated for several cases by Gashenenko.?

t.21

3. Simple exact solutions of the Kowalewski equations
3.1. Introduction

For the Kowalewski Eq. (2.8) there are nine known families of particular solutions (Steklov,>* Goryachev,?
Chaplygin,?® Kowalewski,? Appelrott,>’ Gorr,?®>° and Dokshevich and Konosevich—-Pozdnyakovich).?® In the non-
integrable cases, all the known particular solutions are finite sums of rational powers of variables of three types: a) p,
b) p +const, and ¢) p* + const.

It is now possible to find all such solutions. According to the discussion in Section 2, the Kowalewski Eq. (2.8)
have 24 families of logarithmic power expansions of the solutions. In 10 of the families, p — 0 (we will call them
tails), and in 14 families p — oo (we will call them heads). The finite expansions of the solutions of type a are found
by ascertaining which tail-head pairs are compatible, i.e., give a finite expansion, and which do not. All the particular
solutions of type a, including all seven known solutions>>*2° and five more new solutions,>! =33 were obtained in this
way. All the new solutions are complex. We will next prove that there are no other solutions in the form of finite sums
of rational powers of p with complex coefficients.
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3.2. Statement of the problem

The same numbering of the families of expansions of the solutions of the Kowalewski equations that was used in
Section 2 is used here. In fact, only power expansions with rational power exponents are used because the expansions
with complex or irrational real power exponents, as well as with logarithms cannot terminate. The complex solutions
of the Kowalewski equations that correspond to complex solutions of the Euler—Poisson equations are considered.
System (2.8) has the two first integrals (2.10). In (2.8) and (2.10) the coefficients a;, b;, ¢; and d; are to the rational
functions (2.12) of the parameters (2.11), where /& and [ are values of the energy and momentum integrals (1.3)
for the Euler—Poisson equations (1.1). Here x and y are real and satisfy inequalities (2.13), which define the set D;
7, AeC; €€ R, & # 0. Systems (2.8) and (2.10) have the symmetry transformation (2.14).

Problem. Itis required to find all the solutions o(p) and 7(p) of the system (2.8) that are finite sums of rational powers
of p:

m n
a, B
o(p)= Yo U= D up 3.1)
k=0 1=0
where oy and [3; are rational numbers, the constants oy, 7; € C, and o, 0}, To, T, # 0.

The solutions of the Kowalewski Eq. (2.8) that correspond to real solutions of the Euler—Poisson equations, i.e.,
the solutions for which A, z € R and (y — 1)o, (y — 1)7 > 0, are considered as real solutions. The finite solution (3.1)
is considered known if it was published somewhere or if it can be obtained from a published solution by applying
the symmetry transformation (2.14) or by taking into account another root of the algebraic equation that specifies the
value of the specific parameter. A solution that belongs to a boundary of a (generating) family of solutions, i.e., that
lies within it, is not considered as an independent solution.

3.3. Method

The problem was solved by using the list of all the 23 families H| — Ha1, Ha3, Hy4 of power expansions of the
solutions of system (2.8)

s

G = Gpp“ + 3.0q,,p""", 1= ‘copﬂ+21|3”pﬁ”, se K (3.2)

where

o, B,s€ R; g Tp Ogrs Tpss = conste C; Gy, Tp#0

The families H; — H; were found in Refs. 10-18, and H3 and Hy4 were found in Ref. 19, where it was also
shown that there are no other expansions. This list together with the family H; also contains the family H;, which is
symmetric to it according to (2.14). Usually H; # H, and only H3 = H3, Hy = H4 and Hi9 = Hj9.

In the 10 families H; — Hg, H»3, Hy4 the variable p — 0; as above, we will call them tails. In the 13 families
Hy — H»; the variable p — oo; we will call them heads. Each finite expansion (3.1) has one tail and one head.
Therefore, for each pair of families consisting of a tail H; and a head H, we must study the intersection

HNnH; iel,2,..,823,24; je9,10,..,21 (3.3)

If it is not empty, it gives a finite expansion (3.1). If it is empty, an expansion (3.1) with such a tail and a head does not
exist. This approach enables us to find all the finite expansions (3.1).

The intersections (3.3) are analysed in the following way. For each family H,, of the expansions (3.2), the following
are known:

(X(M) d__t’:f a, B(m) d=ef B;



182 A.D. Bruno / Journal of Applied Mathematics and Mechanics 71 (2007) 168199

the set K(’”)d:efK of values of s, i.e., the sets K((T’") and Kg’”) of the power exponents a +s and 3 +s;
the set M of admissible values of the parameters x, y, z, N and §&;
the arbitrary coefficients among o 4+ 5 and 7@ 1 5.

For each family H,,, any finite number of the coefficients o + ; and 7g 4 ¢ in expansion (3.2) for it can be computed
as rational functions of the parameters.
The conditions
a(i) < a(j), B(i) < B(j)
Kf,') N Kg) =D, Kii) N Kij) 20, MP"MPV =2
are necessary for a non-empty intersection (3.3) to exist.
In the next step, the possibility of the equality o, = 044 is ascertained for each pair a? +50 =) 459 The
possibility of the analogous equality for 7g . s is also ascertained.

3.4. Results

In this way, 30 families of finite solutions of the type (3.1) were obtained. Altogether, there are 16 basic families
of solutions, which are denoted by R; — Rj¢, and 14 more solutions that are symmetric to them according to (2.14)
because R; and Ri3 are symmetric to themselves: R; = R7, Ri3 = Ry3.

The new families are

Ri:x=y=2, z=0, A#0

eA 1, & 12 2
= — = p— = = =2
o 8P +27\'P 2P: T p
Ryy=1+x/2, z=A=0
2
G = - 2E zp_2+ 1 ;xpz’ T = _%pz
(x+1)(x=-1)

Ryix=y=2, z=A=0

O=-F P P TEpP

Rs:x=y, A=2z=0

23 2 3
G =Gpp +06p, T=TP

3 81yE* Gp _ y+2 1y
'to = ’ _— = __i" 62 = ——
y+2' T 3y y
8 9
1256 2 1 2 L 88 s
288 1877 2 625&2
14 16 11 _
Pugx =G> ¥y=7g5 =35 *=
11 -2 11 1 2 12 4
= - - - ’ T = __p _Tlp
1152¢3 1447, 8 2
@ o 24167



A.D. Bruno / Journal of Applied Mathematics and Mechanics 71 (2007) 168199 183

Here R3 C R». All these solutions are complex. The solutions R and R3 are assigned to the integrable Kovalevskaya
case (1.7), and Rjs is assigned to the integrable Chaplygin case when y=4.
Gorr?® found a complex solution, which can be written in the detailed form

_ 1268 — 44 /409 _ 241 -3,/409 7=0 A=0

Ryt x 375 7T 250

10/3 2 2/3 2 2/3
C = GOP +62p +U4P , T = Top +T2p

where oy satisfies the equation

97140.82763947063 /409 —2016592.2336773461 1<

3.2 9
= 0
Gob 13056
and the other coefficients are

. = 16459 — 847./409 . = 1211697549 — 59858217 /409
2" 4352 o 1893990400,
. = 7./409 — 109 - = 2521./409 — 51037

o 100 ° %7 160000,

However, the solution Rs, which is written above, was missing.

All the other known families of solutions have real parts. The family Rg belongs to the closure of the family R;;, and
Rg, R1p C Ri4. The solutions Ro, Rjg, R4 are assigned to the integrable Kovalevskaya case (1.7), and Rg is assigned
to the integrable Chaplygin case.

If the finite expansion (3.1) is written in the form

o, o, B, B,
G =0Cygp +...+G,p , T=Typ +...+7T,p

where a1 < ap, B1 < B2, the results presented above can be represented as in Table 4, which also gives the data of
other authors.>42%-34 Its columns correspond to the basic tails (without the symmetric tails), and its rows correspond
to all the heads. The intersection of the i-th column and the j-th row has the index k of the family R, = %; N H;.
References are given for the known solutions in square brackets. An empty cell in the table corresponds to the empty
intersection H; N H;. A bar over the index k, i.e., k, or over a reference denotes the symmetric solution Ry according to
(2.14) or the solution that is symmetric to the solution presented in the reference. Since the intersections of the heads
Hi3, Hi4, Hy7 and Hig with all the tails and the intersections of the tail H,3 with all the heads are empty, Table 4 does
not contain rows and a column that correspond to these families.

Table 4
Heads Tails
H, H; Hy Hs Hy
a1 =0 a;=0 a;=2/3 aj=—1 a1 <0
Br=1 B1=0 B1=2/3 B1=2 B1=2
Hy o >2,B32=2 11 [3], 12 [25] 4 128]
Hio a=2,B2>2 8 [3] 11 [3]1, 12 [25] 4 28] 15,16
Hy =2, B2=2/3 5
Hipy ar=2/3,B2=2 5
His ar=2,B2€(1,2) 6 [291
His are(l,2),Br=2 6 [29]
Hyg a=PB2=2 13 [24] 7126] 2
Hoy ar=P2=2 10 [27] 14 [27] 1 3

Hy) ar=P2=2 9 [34] 14 1271
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We will now formulate the main result.
Theorem 3.1. The system of Eq. (2.8) has only the exact solutions of the form (3.1), as indicated in Table 4.
A detailed proof can be found in the preprint Ref. 31.

4. The local integrability of the Euler—Poisson equations
4.1. Local integrability

Consider an autonomous system of ordinary differential equations (the prime denotes a derivative with respect to ¢)
xX;=9(X), j=1,..,n 4.1

where X=(x1, ..., x,) and the ¢; are polynomials. Such a system is defined in the n-dimensional complex phase space
C". We will say that system (4.1) is locally integrable in the domain D C C" if in this domain it has the necessary
number of independent first integrals of the form a;(X), where the functions «;(X) are analytic in the domain D. Of
course, according to Cauchy’s theorem, in some vicinity of the non-stationary point X°, where there is at least one
function for which cpj(XO) #0, system (4.1) has n — 1 analytic first integrals, i.e., is integrable. Therefore, the question
of integrability is interesting for domains that contain such singularities as a stationary solution (a fixed point) or a
periodic solution.

Thus, the local integrability of system (4.1) can be studied near its singular points. Heretofore, only its global
integrability over the entire phase space was studied. The first attempts of this kind were undertaken in Refs. 35-37
and were continued in Refs. 38—40.

Below all vectors are denoted by capital letters and are written down as row matrices, and an asterisk denotes the
transposition.

4.2. Normal forms

The local integrability (or non-integrability) of a system of ordinary differential equations near a singularity can
be established most simply using its normal form (Ref. 41, Chapter 3; Ref. 4, Chapter 5, Section 6). This is true for
singularities such as a stationary point, a periodic solution and an invariant torus. Here we refer only to the normal
form of the system in the vicinity of its stationary point X =0, where the system (4.1) has the form

X'* = AX* + O*(X) 4.2)
Here A is a constant square matrix and the vector polynomial ®(X) = (¢(X), ..., ¢,(X)) does not contain constant or
linear terms. Suppose the linear substitution

X* = BY* “4.3)

brings the matrix A into the Jordan form J=B~'AB and brings the entire system (4.2) into the form

Y'* = JY* + ®*(Y) “.4)
Suppose the formal change of coordinates

Y = Z+E(2) 4.5)
where E=(§1, ... &) and §;(Z) are formal power series without constant and linear terms, transforms the system (4.4)
into the system

Z* = JZ* + ¥*(2) (4.6)

where W(Z) is a vector power series without constant and linear terms. We will write it in the form

' def .
z; = 2;8(2) =z szngZQ for QeN; j=1,..,n 4.7
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where
0=(qnudq) Z%=z'zl, N;={Q:0eZ" Q+E;>0}
and Ej is the j-th unit vector. We set N = Ny U ... UN,,. Since J is a Jordan matrix, its diagonal A =(A .. ., A;) consists
of the eigenvalues A; of the matrix A.
System (4.6), (4.7) is called a resonant normal form if a) the matrix J is a Jordan matrix and b) (4.7) contains only
the resonant terms ngZQ for which the scalar product

(A E g +...+qA, =0 (4.8)

Theorem 4.1 (42). A formal change (4.5) exists that brings the system (4.4) into the normal form (4.6), (4.7).

The properties of the normal form and the normalizing transformation are described in Refs. 41,4 and in Ref. 43.
Let k be the number of linearly independent solutions Q = N of Eq. (4.8), which is called multiplicity of the resonance.
Integration of the normal form (4.7) can be reduced to solving a system of order k for the k resonant variables. Note
the following

Property 1 (Ref. 4, Chapter 3, Section 1). If system (4.4) has the linear automorphismt = 8t, Y* = LY*, its normal
form (4.6) has the analogous automorphism = 8t, Z* = LZ*.

Bringing a system into its normal form involves the introduction of coordinates in which the system has the
simplest form and its solutions are as straightened as possible. However, the normalizing transformation does not
always converge and give an analytic change of the local coordinates. It often diverges and can be used only for an
approximate description (with accuracy of any order) of the solutions near a stationary point. However, even in the
case of divergence, it enables us to find families of periodic solutions and families of conditionally periodic solutions
adjacent to the stationary point (Ref. 41, Chapter 3, Section 3).

The conditions imposed on the normal form (4.7) which ensure convergence of the normalizing transformation were
pointed out in Ref. 43. We will formulate them for the cases encountered here.

Condition A. Two power series a(Z) and 3(Z) exist such that

gA2) = MuZ)+AB(2), j=1,2..,n

in the normal form (4.7).
We set

®, = min[(Q,A)l mo Q: Qe N, (QA)%0, Yg,<2
Condition w. The series
Y 27w, > —e
k=1
converges.
Theorem 4.2 (*3). If in the analytic system (4.4) the vector A satisfies condition w and the normal form (4.6), (4.7)
satisfies condition A, the normalizing transformation (4.5) is analytic for sufficiently small |z;j].

4.3. Stationary points

Consider system (1.1) with
A=B, Mgxi)/B=1, y,=2=0, C/B=c (4.9)
Then system (1.1) takes the form

(]

p=(-c)r, q = (c-1)pr-vy;, r =r7,lc

) \ ' (4.10)
Y1 =1Y2-49Y3, Y2 = PY3—1rY1, Y3 = qY1—PY,
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System (4.10) has one parameter c € (0, 2]. This half-open interval corresponds to the values of ¢ in the mechanical
problem. System (1.1) is integrable in quadratures if it contains an additional first integral.” System (4.10) has an
additional first integral in only two cases: the case in which ¢=1 (the Lagrange—Poisson case) and the case in which

c¢=1/2 (the Kovalevskaya case).
Theorem 4.3. System (4.10) has two pairs of two-parameter families of stationary points

Se:p=pyeC, ¢g=0, r=0, y,=0, 7,=0, 7;=0, © =%l @.11)

Top=peC, g=0, r,=1J1-(c-1)p((c-1)p)
Y = (c=1)p;, Y, =0, Y5 = tWl=(c- 1", 1==+1

and all its stationary points belong to these families.

4.12)

This trivial result can be derived both directly from system (4.10) and from Staude’s classical results.
The families S exist for any ¢ € C. The families T exist for ¢ # 1 and p; # 0. The intersections of the families are

as follows:
S.nS_ =0
T,NnT_=8S;nT.:py=p, qg=0, r=0
y,:(c—l)pf:o’:il, Y.=0, v3=0

The families S, are real if pg € R. The families T are real if p; € R and (¢ — l)2 pf <1

4.4. The families S

In the vicinity of each stationary point (4.11) we introduce the local coordinates

P=p-py ¢nT =7-0,77; (4.13)
System (4.10), written in the local coordinates (4.13), takes the form

P = (1-c)gr

q = (c=1)pygr—y3+(c-1)Pr

r = vy,/c

I = rr,—qv; (4.14)

Yy = =Or+ poYs + Py;—rT

Y3 = 0q - poYy+ 9T - PY;
If the coordinates (4.13) are treated as X =(x, ..., Xp):

x =P, x3=9q, x3=r, x4=T, x5=17, x4=173 (4.15)

then system (4.14) takes the form of system (4.2) with n =6 and the matrix A:

00 0 00 O

00 (c~1)p, 0 0 -1
00 0 0l O

A= 4.1

00 0 00 0 (4.16)

00 -6 00 p,

0 0 0-p, O
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Its characteristic equation

A+art+ba’ =0
where

a = (opy+1lc+1)0, b= lic+opi(llc—1)
has two zero roots and paired roots:

A =2k =0, Ay =-A, A5 = —Ag
where

2] = —a+Aa -4b, 202 = —a—Ja*—4b

We will examine the dependence of A3, A4, A5 and A¢ on the two real parameters

cE ez, yYople R

According to equalities (4.18),
ca=x+1+y, b=x+yx-1)

187

4.17)

(4.18)

(4.19)

(4.20)

When a? — 4b > 0, both )\% and )\% are real. After some elementary transformations, the equation a® = 4b takes the

form

(1-xP+2yB-x)+y’=(1-x+y) +4y = 0

In the x, y plane it defines a parabola, which we denote by C; (see Fig. 5). To the left of it a® — 4b <0. We denote
this set by Dy. In it A3 = A%, and Im A3 # 0. Then \3 = A5, and Re \3 # 0, Im A3 # 0. Therefore, Im(A\3/A\5) #0, i.e.,

the ratio A3/\5 is not real.

Now consider the part of the x, y plane where a> — 4b>0. In this part, both )\% and )\g are real. The sign of their
ratio is the same as the sign of b, i.e., when b <0, the ratio A3/\s is pure imaginary and non-zero. According to (4.20),

Y 'Cz / R
D~ ]
4 K

+

[ 4 D4
2 / g

. R—_—
ol L
1\2 4 x
C -
,’l C3
D, I
-2 4
(%03 Yo)
D,

_4 £
|

Fig. 5.
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the equation b =0 defines the hyperbola x + y(x — 1) =0 with asymptotes x=1 and y = —1; its upper branch C; and its
lower branch C3 are shown in Fig. 5. In the half-plane x > 1/2, C; does not meet the parabola C, but C3 is tangent to
C1 at the point where a=b=0, i.e., at the point with coordinates

def 1+ /5 af 3+5 _

1=xE 5 = 1618, y =y SR = —xp = —2.618... @.21)

The parts of the half-plane x > 1/2 that are located above the curve C, and below the curve C3 are denoted by D>
and D3, respectively (Fig. 5). In them the ratio A3/\5 is pure imaginary. Outside the sets Dy, Dy, D3 the half-plane
x> 1/2 consists of the two parts D4 and D5, which are bounded by the curves Cy, C>, C3 with the set D4 being located
above the point (4.21) and D5 below it (Fig. 5). In D4 and D5 the ratio N3/\5 is real. Note that the curves Ci, Co, C3
only bound the sets Dy, ..., D5 and do not enter them. Thus, the following statement has been proved.

Lemma 4.1. In the set D the eigenvalues \3, A4, N5 and \g are complex: \a=—N\3, \s = N3, N6 = —A3. In D> and
D3 two of them are real, and two are pure imaginary. In D4 and Ds they are all either pure imaginary or real.

These results trivially follow from the results of Rumyantsev and his students.*-46

Let A # 0 be the root of Eq. (4.17). The corresponding eigenvector of matrix (4.16) is
(b3/po)(0, MG pac + A2c +G), pg, 0, Acpg, Aoc + ) (4.22)

where b3 #0 is any number. When the sign in front of A is reversed, only the second and fifth components change:
they change sign. Therefore, the following statement holds.

Lemma 4.2. [n the sets Dy, ..., Ds the transformation (4.3), which converts matrix (4.16) into a diagonal matrix
with the diagonal

A = (0,0, A3, —A4, &g, —As) (4.23)
has the form

=)

X = LY3—1Ya+T1Ys =T

X3 = LY3+1Ya+ Y5+ ToYs

Xe =y, (4.24)

X5 = 13Y3—13Y4 + T3Ys = T3

X6 = LaY3+ 144+ T4Ys + TyYs

In fact, the columns of the matrix B from (4.3) are the eigenvectors of matrix A from (4.2), i.e., (4.16), which have
the form (4.22).
System (4.14) has the automorphism
LP, g Y3 >4 P g, T, =75 73 (4.25)
After the transformation (4.24), this automorphism in the coordinates (4.15) takes the form
LY Y2 Y3 Ve Y5 Y6 = 5 Y1: Y2 Yar V3 Yoo Vs (4.26)
The proof is simple in the reverse direction, that is, from (4.26) to (4.25).

Thus, the following statement has been proved.

Lemma 4.3. [nthe sets Dy, . .., Ds system (4.14) is transformed by the linear substitution (4.24), which diagonalises
the matrix of its linear part, into system (4.4), which has the automorphism (4.26).
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4.5. The existence of four integrals

Theorem 4.4. In the sets D;, Dz and D3 the normalizing transformation (4.5) converges for sufficiently small |z;].

Proof. According to Lemma 4.1, in these sets the ratio A3/\5 is not a real number; therefore, Eq. (4.8),1.e., (0, A) =0,
with the vector (4.23) has only the real solutions Q=(q1, ..., g6), in which g1 and g, have arbitrary values, g3 =¢4,
and g5 =ge. According to the definition of the set N in Subsection 4.2, if Q €N, all the components g; are integers,
q1 > —1 and then g3 > 0 or g > —1 and then g; > 0 and g3, g5 > 0. Therefore, in the normal form (4.7) with n =6, the
series g; depend only on

21,22 Py o 232405 = 2526 (4.27)
which are resonant variables here. Therefore, the normal form (4.7) has the form

z'j = 2;8i(2, 2 Py P2)y J = Loy 6 (4.28)
According to Property 1 and Lemma 4.3, the normal form (4.28) has an automorphism similar to (4.26) with the y;
replaced by z;. For the resonant variables (4.27), from the automorphism (4.26) we obtain the automorphism

5,212 P P2 > —621, 22 Py P2
Therefore, in the normal form (4.28)

81=82=0, 84=-81 8 =8 (4.29)

Now, let us ascertain in which cases condition A, i.e.,

g =Ma+rp, j=1,..6

holds in the normal form (4.28). According to (4.19) and (4.29), satisfaction of the two equalities
83 = Ma+isB, g5 = hso+Xsp (4.30)

is necessary and sufficient for this. These equalities comprise a system of linear equations for the series « and 3. Using
Lemma 4.1, we evaluate its determinant A = N3\5 — A3\s in the sets D, ..., Ds. In D; we have A5 = \3; therefore,
A = (A3 = A3)(A3 + A3) =4iRe \3Im A3 # 0. In D, and D3 we have A3\s = —\3\s; therefore, A = 2\3hs # 0. In
Dy and D5 we have A3\s = A3\s; therefore, A =0. Consequently, in D1, D> and D3 the system of Eq. (4.30) is solvable
for a and [3; therefore, the series o and 3 always exist, i.e., condition A holds. In D4 and D5 the system (4.30) cannot
be solved, and condition A does not hold.

In the sets D1, D, and D3 condition w is trivial, because if (Q, A) # 0, for an integer Q

[€Q, M)l 2 |A;||g5 = g4| + |As||g5 — g6| 2 min{|Ay], |A5|} >0

According to Theorem 4.2, the normalizing transformation is analytic.
For the resonant variables (4.27), system (4.28), (4.29) gives the equations
z; =0, [.')j=0, j=12
Therefore, system (4.28), (4.29) has four independent first integrals
z, = const, 2z, = const, p, = const, P, = const (4.31)

Since the normalizing transformation is analytic and reversible, in sets Dy, D, and D3 system (4.14) has four
independent analytic local first integrals. Thus we obtain the following corollary.

Corollary of Theorem 4.4. [n the sets Dj, D> and D3 system (4.10) is locally integrable.

Taking into account the signs of o and pg, we obtain 12 complex sets with local integrability.
If po = £./y0 is real, system (4.14) is real, and its normal form is also real in appropriate coordinates (Ref. 4,
Chapter 5, Section 6, Property 4; see also Ref. 41, Chapter 3, Section 1). In particular, the four first integrals (4.31) are
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real. When o =+1, po = £,/yisreal fory >0, i.e., the set D, isreal. When o =—1, pg = £,/—yisreal fory <0, i.e.,
D1 and D3 are real. Altogether six real sets (taking into account the sign of po) with local integrability are obtained.
For each value x > 1/2, i.e., c € (0, 2], there are real stationary points, near which the system is locally integrable.

A similar analysis for the families T (see (4.12)) showed that they have 32 complex sets with local integrability.*
Among them four sets are real, and in all these sets ¢ < 3/4.

4.6. Stationary points at inﬁnity36’47

In Subsections 2.4 and 2.5, 24 families of power logarithmic expansions of solutions that have power-law asymptotic
forms were found using power geometry for the Kowalewski Eq. (2.8). Among them, eight families of power expansions
contain the largest possible number of arbitrary constants, i.e., the solutions of these families fill a domain in phase
space in which there is a complete set of the first integrals that correspond to these arbitrary constants. However, these
(local) first integrals can exist only in part of the phase space and not in the entire phase space. In these cases similar
(local) first integrals exist in the Euler—Poisson system (1.1) and have the form a(X)/b(X), where the functions a(X)
and b(X) are analytic in the corresponding domain. The power transformation of the system of Euler—Poisson Eq.
(1.1) was used to find these domains and analyse the structure of the phase space in them. It has been shown (Ref. 4,
Chapter 3) that the power-law asymptotic form of a solution can be transformed into a stationary point using the power
transformation

(Inxy, ..., Inx,)* = a(lny,, ..., Iny,)*

where @& is a square matrix. This enables us to calculate the normal form in the vicinity of a power-law asymptotic
form, as was done for 3 of the 24 families indicated. The normalization was performed by Edneral using a program
that he wrote in the MATHEMATICA system.

In Subsection 2.3 we described the 24 families F; — Fy4 of power-law asymptotic forms of the solutions of the
Kowalewski Eq. (2.8) in the case B # C, xg # 0, yo =z0 =0. Among them there are 17 for A =B, i.e., for the case (4.9)
with ¢ # 1. Fifteen of these families Fy correspond to the families F; of power-law asymptotic forms of the solutions
of the Euler—Poisson Eq. (4.10) described in Section 2.8. To investigate the vicinities of the asymptotic forms of the
family Fio, we perform the power transformation

-1 -1 -1
P = X4X5Xg » 4 = x5x6 , I'= X6

-2 -2 2 (4.32)
Y1 = XX Y2 = XpXg, Y3 = X3X5Xg
with the matrix
00011-1
00001 -1
G=100000-1 . detd = 1 (4.33)
10000-2
01000-2
00101 -2
and the time change df = x¢d7. Then system (4.10) takes the form
. 2. 2 2
X] = Xp=2xX5/c—X3X5, Xy = —x;+2x5/C+ X3x4X5
Xy = X —XpXg— (€= 1)Xyxg + X5 — XpXsle, kg = l—c+(1—c)xi+x3x, (4.34)
X5 = [(c= Dxg—x3-xy/clxs, Xg = —xyx4/C
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where the dot denotes a derivative with respect to 7. As a result, the first integrals (1.3), (1.5) and (1.7) take the form
I, = xgz[c —~2x + (X2 + l)xg], I, = xgsxs(x1x4 + X, + CX3)
I; = x?(xf + x% + xgxg), I, = x4x5xg‘ (4.35)

-4 2.2 22 2,2
Xg [(2x) + x4x5—x5) +4(xy + x,4x5) ]

~
i

Theorem 4.5 (Refs. 35,46, Section 5). When x5 =x¢ =0, system (4.34) has the three families of fixed points

A:x =_1.4(:—3 . ___i2c-2

"3 4c-2" T4 7T "2¢-1
B:x;=0, x4 =—i (4.36)
C:x;=ic(2-¢), x4=1i(l-¢)

In all the families x| = c/2, and x; =ic/2. Families A and B with ¢ € (1/2, 1) correspond to two branches of Fl’o, which
are joined when ¢ =3/4. Family A with ¢ € (0, 1/2) and family B with ¢ € (1, 2) correspond to Fg. Family C corresponds
to Fy.

According to the discussion in Subsection 2.8, these families correspond to the following families of power-law
asymptotic forms of the solutions of system (4.10) as r— 0:

A: p= bltl—Zc, q = bztl—Zc’ 'Y3 = b6t_2C
B:p =057 g=b,% v, = b4 4.37)
C:p=0b, q=by, v,=by

In all the families r= b3 T Y1 = bat~2, and Y2 =bs =2, where the b; are complex constants.
Family A is interesting when ¢ € (0, 1), but ¢ # 1/2. For the stationary points of family A, the vector of the eigenvalues
of the matrix of system (4.34), linearized near these points, is

A =-i(1,2,(2c+1)/2,(4c-3)/2, 1 —c, 112) (4.38)

Theorem 4.6 (Refs. 36,47, Section 6). System (4.1) is locally integrable near the power-law asymptotic form (4.37)
corresponding to A if c € (3/4, 1) or if an irrational c € (0, 3/4) is such that condition w holds for the vector (4.38).

Edneral wrote a program in the MATHEMATICA system for calculating a normal form*® and used this program
to calculate the normal form (4.7) near family A for several rational values of ¢ € (0, 3/4) to the terms ngZQ of the
high orders 3 g; > 6. The calculated normal form was always linear. Therefore, it can be assumed that system (4.10)
is always locally integrable near family A for ¢ € (0, 3/4).

When ¢ =3/4, families A and B coinside, and, according to (4.38),

A = -i(1,2,5/4,0, 1/4, 1/2) (4.39)

The normal form was calculated to the 10th order. It is non-linear and does not satisfy Condition A in Subsection 4.2.

This is consistent with the discussion in Subsection 2.6, where it was shown that the Kowalewski equations have a

non-power-law asymptotic form of solutions with a two-parameter logarithm (the family G4) when ¢ =3/4. Therefore,

the system is locally non-integrable near the stationary point of the intersection of families A N B when ¢ =3/4.
Family B is interesting when ¢ € (1/2, 2]. In this interval, the eigenvalue vector

A=-i(1,2,(3-4c)2,2-c,(2¢c-1)/2,1/2) (4.40)
Theorem 4.7 (Refs. 36, 47, Section 7). Near the power-law asymptotic form (4.37) corresponding to family B system

(4.10) is locally integrable if c € (1/2, 3/4) or if an irrational c € (3/4, 2) is such that the vector A (4.40) satisfies
Condition w in Subsection 4.2.

Normal forms were calculated for several rational values of ¢ € (3/4, 2). For ¢ # 1, 3/2, 7/4 they were also found to
be linear.
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When ¢ =1, according to (4.40),
A =-i(1,2,-1/2, 1, 1/2, 1/2) 4.41)

and the calculated normal form satisfies Condition A in Subsection 4.2, where « is a series in the positive powers z%z%

and 3 =0.
Thus, near the asymptotic forms (4.37) corresponding to family B, system (4.10) is probably locally integrable.
Family C is interesting when c € (0, 2]. In this interval,

A =-i(1,2,-2c+ 1)/2,c-2,3/2, 1/2) (4.42)

There are no analogues of Theorems 4.6 and 4.7 for it. Normal forms were calculated for several rational values of

c¢. They turned out to linear for ¢ # 1/2, 2/3, 3/4, 1, 3/2, 7/4, 2 and several other values. According to Theorem 4.2,

the normalizing transformation converges in these cases. The linear normal form has five first integrals. Thus, in the

vicinity of the power-law asymptotic forms (4.37) that correspond to family C, system (4.10) is locally integrable.
When ¢ =1, according to equality (4.42),

A = -i(1,2,-32,-1,3/2, 1/2)

and the calculated normal form satisfies Condition A in Subsection 4.2, where « is a series in z;z4 and z%z%, and B=0.

4.7. Periodic solutions

For periodic solutions there is a normal form theory that is similar to the theory for stationary solutions that was
briefly discussed in Subsection 4.2. Let system (4.1) have the periodic solution

x;=ut), i=1..,n (4.43)

with period T: U(t+ T) = U(¢), where U= (uy, ..., u,). We make the change x; = u;(¢) + ¥; and write system (4.1) in
the local coordinates X;:

=0,6X), i=1..,n (4.44)
This system is periodic in ¢, and it has the zero solution X = 0 and the linear variational system
X* = A(r)X* (4.45)

where the n x n matrix A(t) = (0¢;/9%;) when X = 0. Let W() be the fundamental matrix of the solutions of the linear
homogeneous system (4.45), and let W*(z + T) = MW*(¢), where M is the monodromy matrix. A periodic change

X* = B(r)Y*, B(t+T) = B(?) (4.46)

exists that transforms system (4.45) into the triangular system Y* =J(f)Y*, where the matrix J(¢) is the lower triangular
with constant diagonal A =(\1, ..., \;). The entire system (4.44) takes the form

Y* = J)Y* +(i)*(t, Y) (4.47)

where ® does not contain terms that are linear in Y or independent of Y. In addition, the matrices J and ® are periodic
in ¢. Let the formal change of coordinates that is periodic in ¢

Y=2Z+E(,2) (4.48)

where B=(&, ..., &) and §;(z, Z) are formal power series in Z without independent and linear terms, transform the
system (4.47) into the system

Z* = J(1)Z* +¥*(1, Z) (4.49)
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We will write it in the form

z’j =z;8;(t,Z) = szgijZQexp(ipKt) for pe Z

4.50
QeN, i=1,..,n, x=20T (4.50)

System (4.49), (4.50) is called a normal form if a) the matrix J(¢) is a triangular matrix with a constant diagonal
A=(\1, ..., \y), and b) (4.50) contains only the resonant terms gijZQ exp(ipk?t), for which

ipk+(Q,A) =0 4.51)

For any system (4.47) a formal change (4.48) exists that transforms it into the normal form (4.49), (4.50).
Condition A for a system that is periodic in ¢ (Ref. 42, Section 11). A Poisson series

a(t, Z) = Y 0,,Z%xp(ipxr)

exists, such that in the normal form (4.50)

Vj=hyj+royRed;, j=1,...n

Theorem 4.8 (Ref. 42, Section 11). If for an analytic system (4.47) the normal form (4.49), (4.50) satisfies Condition
A and the vector (ik, A) satisfies Condition o in Subsection 4.2, the normalizing transformation (4.48) converges for
sufficiently small |z;|.

For a periodic solution of the system of Euler—Poisson equations, we always have A =(0, 0,0, 0, A5, —\5). If A5 £ 0
is real, the vector (ik, A) satisfies Condition w. If, in addition, the periodic solution transforms into itself upon one
of the automorphisms of the Euler—Poisson equations, the normal form for it is degenerate and satisfies Condition A.
Therefore, according to Theorem 4.8, the normalizing transformation converges. At the same time, such a normal form
has four formal first integrals, which are analytic owing to the convergence of the normalizing transformation. Thus,
system (1.1) is locally integrable near such an unstable periodic solution.

The exact solutions of the Kowalewski Eq. (2.8) discussed in Section 3 correspond to the periodic solutions of
the Euler—Poisson Eq. (1.1).* Among them there are solutions that are unstable in the linear approximations and are
simultaneously symmetric.’%2 System (1.1) is locally integrable near such periodic solutions.

5. Local non-integrability of the Euler—Poisson equations

There have been many different proofs of the absence of an additional first integral of the Euler—Poisson Eq. (1.1)
in cases that differ from the classical cases of integrability.>> The most advanced one is the proof>* that system (1.1)
does not have a meromorphic additional integral when A =B, xog # 0, yo =0 if A/C # 1, 2. To prove this, on the invariant
manifold p =g =1y, =0, a one-parameter family of solutions expressed in terms of elliptic functions of the time 7 was
examined.”* The variational system was constructed for these solutions, its monodromy group was calculated, and
it was shown that this group does not have properties that are characteristic for a linear integrable system. Thus, the
absence of a local additional first integral near the solution chosen was proved.>* Because of the complicated form of
the solution chosen, this proof is also quite complicated.

Another method for proving the absence of a local additional first integral is proposed here. Its absence is proved (i)
in the vicinity of a resonant stationary point and (ii) by calculating the coefficients of the normal form in the vicinity
of the point indicated and verifying the necessary conditions for the existence of an additional formal integral. The
advantage of this method is that it is algorithmic: all the calculations can be performed on a computer.

5.1. Structure of a normal form at resonance (Ref. 38, Section 6)

Consider system (4.14) in the sets D4 and D5 described in Subsection 4.4. Let
;\.5/2,3 = ®
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According to Lemma 4.1, in the sets D4 and Ds all the eigenvalues \; are either pure imaginary or real, i.e., the ratio
w is a real number. To be specific, we will assume that |As|>|A3|. Then w> 1.

If w is irrational, the normal form takes the form (4.28), (4.29). It also has four first integrals. However, in these
cases Condition A in Subsection 4.2 does not hold in general. Consequently, now it cannot be asserted that system
(4.14) has an additional local analytic first integral. The integrals (4.31) are only formal here.

Therefore, we will henceforth consider the case of arational w = §/7, where § > 7 > 1 are mutually simple integers,
ie.,

§hy = Ths (5.1)
We will investigate the structure of the normal form of system (4.14) at the resonance (5.1), following the previously

described approach (Ref. 4, Chapter 5, Section 10). System (4.14) is system (4.2) with n = 6. Let its normal form (4.6)
be

%, =28/2Z), i=1,..,6 (5.2)
and let the vector A of the eigenvalues \; be
A = (0, O, 13, —}\-3, )\‘5, —),5), ;2-5 = E;\.:;, l < ;< E (53)
We set
s ~ 5 r
P1 = 2324, P2 = 252, W = Z3Zg, W = 2475 54

In this case wiv = pﬁ pg.
Lemma 5.1 38). At the resonance $\3 = \s in the normal form (5.2)
-~ k - ~ k .
8 = 82,2 PP W W) = gt Zfikw + Z hyw', i=1,..,6 (5.5
k=1 k=1

where 21810, Z1f1k, 2111k 22820, 22f2k, 22h2k, 80, [3ks P14k P2S5ks foks P113K, Bk, hsk, p2hex are power series in z1, 22,
p1, p2 (7=3,4,5, 6). Here the series prhsi and pafsi begin with independent terms, and 21810, 22820, gjo begin with
linear terms.

The proof is similar to the previously presented proof (Ref. 4, Chapter 5, Section 10, Lemma 10.2).
System (4.14) has the automorphisms (4.25) and
LP,q Y32 - P g, T, Y2 -3 (5.6)
According to Property 1 in Subsection 4.2 and Lemma 4.2, the normal form (5.5) has the automorphisms (4.26) and
LY Y2 Y3 Y Y5 Y6 = ~5 Y15 Y2 =Y =3 Ve Vs

where the y; are replaced by z;. For the resonant variables z1, z5 in (5.4), from these automorphisms we obtain the
automorphisms

t: Zp 227 p]: Pz, Wyﬁl_')_t’ Z|y ZZ, Pp Pz» ﬁ',w (57)

t: Z[; 127 pl’ p2’ w, ﬁ' hd —t’ Z[: ZZ) p11 p27 Tﬂ}r w (58)

where

1, when 7r+5—iseven
— (5.9

-1, when r+s—isodd
Consequently, when 7 4 § is even, automorphisms (5.7) and (5.8) are identical, whereas when it is odd, they are different

and their product is the automorphism

t’ zlv 229 P[; Pz» w, ﬁ, - tr Z[y ZZ’ ply Pz, -w, —ﬁ’ (510)
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For the normal form (5.5), automorphism (4.26) and its corollary (5.7) give the equalities

821,20 P1y P2 W, W) = —8{(21, 29, Py P W W), £ = 1,2

/(21,22 P1s P W, W) = =8 (21,2, P1s Py Wy W), J = 3,5
or, more specifically,

8:0=0, fiu=-hyp i=12 (5.11)
8jo = —8j+1,00 fjk = "hj+l,k' hjlc =~fisip J=35 (5.12)

Finally, when 7 + 5 is odd, it follows from automorphism (5.10) that the series g; in the normal form (5.5) contains
the variables w and @ only in even powers. Based on the normal form (5.5), (5.11), (5.12), we will construct a system
of equations for the resonant variables after introducing the notation

Fiu = Fak—hsx = Fax+ Fa Foe = fex—her = Fset fox
Fayp = 5fa~Thsy = 5f3 +Tfeps  Hyp = Shyy—7fs, = Shy +T7hg, (5.13)

k=1,2.. Gy=75850-T8xn = 583+ 8

Taking into account that

Hy = F3—sFy —rFy,
we obtain the system

Z"Zfik(wk_ﬁ’k)’ pi = piz F,'k(Wk—ﬁ’k); i=172

ii =
k=1 k=1
. - k - ~k | def ~
w = W[Go-l- z F3kW + Z H3kwjl = bS(Z, p,w, w) (5.14)
k=1 k=1
V—il = —W[GO"F 2 F3kV-Vk+ Z H3kwk] = _bj(Zr P, ﬁ}’ W)

k=1 k=1

where z=(z1, 22), p=(p1, p2).
If 7 4 3 is an odd number, the index k in the expansions (5.14) takes only the even values 21.

5.2. First integrals (Ref. 38, Section 7)
According to the previous discussion in Ref. 55, the expansion of the first integral of the normal form (5.2)
A=Y ayZ° (5.15)
contains only resonant terms, for which
(Q,A) =0 (5.16)

Therefore, the first integral can be written in the form of a power series in the resonant variables

A =ay+ z amwm+ 2 bmﬁim (5.17)
=1

m=1



196 A.D. Bruno / Journal of Applied Mathematics and Mechanics 71 (2007) 168199

where ag, a,, by, are power series of z=(z1, z2), p=(p1, p2)- As a consequence of the automorphism (5.7), we have
am =by, i.e., the integral can be written in the form

o0

A=ag+ Y a,(w"+w") (5.18)

m=1

If # 4 § is an odd number, automorphism (5.10) dictates that this expansion contains only the even exponents m = 2n,
i.e.,

- ~2n
A =ag+ Y a, (W + W) (5.19)

n=1
The derivative of the first integral (5.18) should vanish identically by virtue of system (5.14). Consequently,
0=24, g + 24, 4 +%P1(8 +8 )+9ﬁpz(g +86) +
9z, 1817 55,2827 55, 37T 50, 5
+g——b5(z p, w, w)-—a bs(z p,w,w) =

— (94, day da,
2( z fut szzk 3p, P, Fyy + 39, Pzek)(W —wW+

(5.20)

a a ~ N
( "z fut Z2f2k 3P, 5P Fie+ 3 pZFZI.)(W - W) +

+
8 Ms"
M

+3 mam[GO(wm WM+ Y Py Wi T 4 Y H (W - w"rv”‘)]
m=1 k=1 k=1

Let 7 4 § be an even number. Taking system (5.14) into account, we can write equality (5.20) for terms for which
the total order with respect to z3, 24, 25, 26 1S lower than 2(7 + ). For these terms k=m = 1, and we obtain the equality

aao da, da,
Zlfn szzl 3, —pLFy + 3, =—poFy +aGy = 0 (5.21)

where in each component only terms of order lower than 7 4 § are retained. For an even value of 7 4 3, the smallest
possible value is equal to 4 (when 7 = 1, § = 3). Therefore, equality (5.21) should hold for a term that is independent
of z, p.

Let m1, M2, M3, Ma be terms that are independent of z, p in the series z1f11, 22/21, p1F11, p2F21 from system (5.14),
respectively, and in expansion (5.18) let

@y = CONSt + 0L Z; + ClyZy + OlaPy + Oy + ... (5.22)
Equality (5.21) for the independent term on the left-hand side gives the equation

oMy + 0Ty + 0Ty + oMy = 0
which has four linearly independent solutions o = (a1, a2, a3, ag) only if

M =Ny=MN3="3=0 (5.23)

This is a necessary condition for the existence of four functionally independent first integrals.

Now let 7 4 5 be an odd number. Then, in equality (5.20) the indices k and m are even: k=2[ and m =2n. Therefore,
taking system (5.14) into account and writing out equality (5.20) to terms with a total order with respect to z3, z4, z5,
z6 that is lower than 4(? + §), we obtain the equality

da da, da,
0Z1f12 sz22+a P1F12 r, p2F22+2a2G0 =0 (5.24)
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where only terms of order lower than 2(7 + 5) are retained in each component. For an odd value of 7 + 5, its smallest
possible value is equal to 3(7 = 1, § = 2). Therefore, equality (5.24) should hold for the term that is independent of z,
p. Now let m1, M2, M3, M4 be terms that are independent of z, p in the series z1f12, 22f22, p1F12, p2F22, respectively, and
let expansion (5.19) contain equality (5.22). Then, equalities (5.23) are also a necessary condition for the existence of
four functionally independent first integrals.

5.3. 2:1 Resonance

We return to system (4.14). In the sets D4 and Ds the resonance As =2\3 occurs on the two Rg curves:
8y = 17(x~1) +5849x* ~34x+41, & = 1

(see the dashed curves in Fig. 5). On these curves, system (4.14) has the two automorphisms (4.25) and (5.6), and
the results of Subsection 5.2 are applicable for odd 7 4+ § = 3. The normal forms of system (4.14) were previously
calculated3>-37 along the Rg curves to sixth-order terms to obtain the values of m3, m4 as functions of ¢ € (0, 2]. The
results are as follows. For 8 =1 the equality m3 =m4 =0 holds for only three values of c:

=1, ¢y =12, ¢ = 0252778 (5.25)

For 8 = —1 the equality m3 =4 =0 holds for only five values of c:
c; =1, ¢ =12, c4=004522, c5 = 0.189372, c¢¢ = 0.512902 (5.26)

In addition, on the R_ curve the coefficients 13 and m4 go to infinity when

co = 0.618034 (5.27)

i.e., at the points (4.21). The intersection of the set (5.25) with the union of sets (5.26) and (5.27) consists of only two
values c¢1 and ¢, which correspond to two classical cases of global integrability. For other c € (0, 2] property (5.23)
does not hold either on both Ry curves or on one of them, and system (4.14) does not have an additional first integral.
When y = 0'p(2) is real, the value of py is real if o =sgn y; therefore, when y is real, the point (4.11) is real if it
belongs to S, for y>0 and to S_ for y <O0.
System (1.1) has the linear automorphism

t, D, qr, Y[, YZ’ Y} b _it: iP: iq7 ir: _'Yl’ —'YZ’ _73

Under this automorphism the families S; and S_ transform one into another, and the normal forms for corresponding
points of the families are similar in design and differ only with respect to the non-zero multipliers in front of the
coefficients; therefore, the coefficients m; in S_ vanish where and only where the same coefficients in S vanish. Thus,
each point on the Ry curves corresponds to a real point in S, if y > 0, and to a real point in S_, if y <0.

Thus, we have obtained the following theorem

Theorem 5.1. For each c € (0, 2], except c =1 and c = 1/2, a real stationary solution from the families Sy exists, such
that it belongs to the Rs curves and system (4.14) is non-integrable in its vicinity.

The values of 1 and 1, were also calculated as functions of C.>® They vanish and go to infinity at the same values
(5.25), (5.26) and (5.27) as do m3 and mg4, i.e., condition (5.23) holds for the values (5.25) and (5.26).

Condition (5.23) is necessary, but is not sufficient for the existence of an additional integral. If it holds, the satisfaction
of another condition that relates the coefficients of subsequent terms in the normal form is necessary for the existence
of four integrals,38 Direct calculations have established>® that the other condition does not hold at c3on R, and at ¢y, c5
and cg on R_, i.e., there is no additional local integral at these points. In fact, at these fixed points, there are additional
families of periodic solutions of the set A (Ref. 41, Chapter 3, Section 3, Refs. 57-59, Part 2), which differ from the
Lyapunov families and do not exist at other points on the Rg curves.

The resonance A5 =3\3 was also examined. In the sets D4 and Ds it occurs on two curves that exist for ¢ € (0, 2]
(see Ref. 38). Testing of property (5.23) on these curves gave the same rules: property (5.23) is valid simultaneously
on both curves only for ¢=1 and ¢ = 1/2.° However, when this property holds, there are only additional families of
periodic solutions, and there is no additional integral.
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Remark. The absence of a formal additional integral near the stationary solution belonging to the intersection S N R
was, in fact, proved here. Hence it follows that there is no local additional analytic integral and no global additional
analytic (and meromorphic) integral.
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